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Abstract

The expanded equations for torque and force on a cylindrical permanent magnet
core in a large-gap magnetic suspension system are presented. The core is assumed to
be uniformly magnetized, and equations are developed for two orientations of the
magnetization vector. One orientation is parallel to the axis of symmetry, and the
other is perpendicular to this axis. Fields and gradients produced by suspension sys-
tem electromagnets are assumed to be calculated at a point in inertial space which
coincides with the origin of the core axis system in its initial alignment. Fields at a
given point in the core are defined by expanding the fields produced at the origin as a
Taylor series. The assumption is made that the fields can be adequately defined by
expansion up to second-order terms. Examination of the expanded equations for the
case where the magnetization vector is perpendicular to the axis of symmetry reveals
that some of the second-order gradient terms provide a method of generating torque
about the axis of magnetization and therefore provide the ability to produce six-
degree-of-freedom control.

Introduction coming this constraint, which include shaping the core
Thi devel th ded i f and using nonuniform three-dimensional magnetization,
IS paper develops e expanded equalions 10r,.q yiscyssed in references 4 and 7. However, examina-
torque and force on a (_:ylmdrlcal permanent magnet Corg;,, ot the expanded equations for a cylindrical core
in a large-gap magnetic suspension system. Thg COT€ 1Faveals that for the case of uniform magnetization per-
assumed to be umfo_rmly magnetlzed, and equations ar"ff)endicular to the axis of symmetry, some of the second-
developed for two orientations of the magnetization vec- order gradient terms provide a rr’uathod of generating

tor. One orientation is p?‘fa”e' to the axis O.f symmetry, torque about the axis of magnetization and therefore the
and the other is perpendicular to this axis. Fields and gra-

. . ability to produce six-degree-of-freedom control (ref. 8).
dients produced by suspension syst(_em_el_ectrqmagnetﬁor completeness, all gradient terms for expansion of the
are assu_me_d to b_e calcula_te_d at a point in |_nert|al SPaCGia|gs up to second order are presented.
which coincides with the origin of the core axis system in
its initial alignment with a reference inertial axis system. Finally, instead of developing the torque and force
Fields at a given point in the core are defined by expand-equations from a set of governing equations that are a
ing the fields produced at the origin as a Taylor series.function of core volume, core magnetization vector, and
The assumption is made that the fields can be adequatelguspension system fields and gradients, appendix B pre-
described by expansion up to second-order terms. Thesents a development that begins at a more fundamental
expansion of the fields and gradients is presented inlevel in an attempt to provide better insight into the ori-
appendix A. gin of these equations than is commonly available in the

. . literature.
The equations for torques and forces on a magnetic

core that are produced by a large-gap magnetic susperﬁ bol

sion system have been presented and discussed in a nu yMDbOIS
ber of papers. For example, see references 1 through 6 area, M
The torques on the core are usually approximated as a

function of the external or applied fields at the centroid a radius of core, m

of the core, and the forces on the core are usually approxB magnetic flux density vector, T

imated as a functl_on of the gradients of the applied fields g expanded magnetic flux density vector, T

at the centroid. It is generally assumed that terms that are ] ] ]

a function of second-order or higher gradients of the [9B] matrix of field gradients, T/m

applied fields at the centroid can be neglected. In practi-[0B ] matrix of expanded field gradients, T/m

cal applications that involve Iarge-gap magnetic suspena: total force vector on core, N

sion systems, these assumptions have proven to be valid. _

For an axisymmetric core, such as a cylinder, it can bedF force vector on incremental volume of core, N
shown that if the direction of magnetization is along the | coil current vector, A

axis of symmetry, then the torque about that axis, pro-
duced by the applied fields and gradients of the applied
fields, is always zero (ref. 3). Various methods of over- m magnetic moment vector, A%m

I length of core, m



om

magnetic moment vector of dipole with incre- Subscripts:

mental volume, A-rf X,y,z components along, y-, z-axes, respectively

magnetization vector, A/m j partial derivative of component ifj-direction

pole strength, A-m (ijk partial derivative df partial derivative in
position vector, m k-direction

total torque vector on core, N-m Matrix notations:

torque vector on incremental volume of core, [ ]T transpose of matrix

N-m 00 row vector

torque on incremental volume of core about A bar over a symbol indicates that it is referenced to
core origin, N-m suspended-element coordinates.

inertial coordinate to suspended-element coor- _

dinate vector-transformation matrix Magnetic Torques and Forces

potential energy The torques and forces on a cylindrical permanent
core volume, magnet core are developed in this section by integrating

the equations for torques and forces on an incremental

work volume of the core with magnetic moméndv over the
incremental volume, fh core volume. These equations are developed in appendix
coordinates in orthogonal axis system, m B. Figure 1 shows the cylindrical core and the core coor-

dinate system. The core coordinate system consists of a
' set of orthogonak, y,z body-fixed axes that are initially

aligned with a set of orthogona, y-, z-axes fixed in
gradient operator inertial space. In order to define the fields and grasdien

Euler orientation for 3, 2, 1 rotation sequence
rad

Figure 1. Core coordinate system.



at any point in the core, the fields and gradients at the ori-
gin of the core axis system are expanded as a Taylor.
series. It is assumed that the fields can be adequately =
described by expansion up to second-order terms. The
expanded fields and gradients in both inertial and core
coordinates are presented in appendix A. For simplicity
in developing the equations in this section, relative = = = - _=
motion between the core and the reference inertial coor- T= I oT = I [OT +(r x &F)] (2)
dinate system is assumed to be zero. This assumption v v

removes the requirement to transform between the ineryhere the integration is over the core. Substituting equa-
tial and core coordinate systems and eliminates a signifi-jons (B20) and (B21) results in

cant number of components which are small relative to
the fundamental terms in the equations when small-angle
assumptions are used. In particular, the transformation of
second-order gradient terms from inertial to core coordi-
nates is very complicated, as illustrated by equa-The total force on the core can be written as
tion (Al4). The torque on an incremental volume of the
core, about the core origin, can be written as

X

is the position vector of the incremental volume

N

(fig. 2). The total torque on the core can be written as

T =I{(mxé)+[fx(m-m)é]} v (3)

ﬁ:J’(M-D)é dv (4)

5T = 8T + (7 x 6F) @ .
3 3 The term(M « 0)B can be written as (ref. 5)
wheredT and®dF are the torque and force on the incre-

mental volume due to the field at that location, and (M » D)é = [aé]M (5)
.
ov
h
- r
Yy
X

Figure 2. Incremental core volume.



where ~ ~ ~
T, = —M).(I B, dv + M).(I (BxxZ — BxzX) dv (12)
\ \

y
Bxx Bxy Bxz
[BB] = |Byx Byy By (6) T, = Mg [ By dv+ My [[(ByyX=Boy) dv (13)
Bzx Bzy Bz4 Y Y
EvaIuatingJ' éxzy dv first
and )
B Mg J‘szy dv = BXZJ'y dv+ B(XX)ZJ'x_ydv
M = My (7 v v v
2 -
M, + B(Xy)ZJ’y dv + B(XZ)ZJ'zydv (14)
\" A"

In equation (6) the notatiofh- = 0f/0] isused. ~ _ .
where By, has been expanded by using a Taylor series,
L _ as detailed in appendix A, and the notation
Magnetization Along Axis of Symmetry iy = (01 /0])/0k has been used. All the integrals
involving first-order terms in equation (14) are zero.

For orientation of the magnetization vector along the Evaluatingf 92 dv yields
\

axis of symmetryx-axis) of the permanent magnet core,
the only nonzero term inM is M,. Expanding
equation (5) results in

1/
. [ $dv = [ [ ﬁ;(lz(’z) 52 dy dzdsx
\ —1/2

[0BIM = M,|B, (8) @/ a)nl (15)

wherey,(2) = y,(2) = A/az—zz, a is the radius of the
Substituting equation (8) into the second part of equationpermanent magnet core, anid the length (fig. 1). Since

(3) and expanding results in the areg of the face of the permanent magnet core is
A = ma” and the volume isv = Al, equation (15)
reduces to

3 (—L;’xy_Z + |rj"xzy)
Fx(M e 0)B = Mgl (Byyz - ByyX) 9) (@*/4)m = (a°/4)v (16)

_|§, y + é X
(=B + BxyX) Substituting in equation (14) results in

Expanding the first part of equation (3) results in

g 2
I By dv = (a /4)vB(Xy)Z a7
0 \'
MxB = Mg|-B; (10) EvaIuatingI éxyz dv in a similar manner results in
By v
s _ .2
The components of equation (3) become I Bxyz dv = (a/4)VBy), (18)
\'
Ty =0+ M;(I (Bxzy —Bxy2) dv (11)  which is equal to equation (17). Therefore the torques
v about thex- axis due to second-order gradients cancel



out and T, = 0 as expected. Going next to equa- Finally, noting that By = Bjx); = Byjk)i - -

tion (12),

= 2 2
[Badv = v[BZ+ (12/24)B 1 + (2°/8)B 1y,
\

+(a2/8)B(ZZ)Z] (19)
and
I(éXXZ—éXZX)dv = v[(a”/4) - (1°/12)]B, (20)
v
Substituting into equation (12) results in
T, = —VMR[BZ+ (12/28)B 1y, + (2°/8)B 5y,
¥ (a2/8)B(ZZ)Z] + VM x[(:,12/4)
—(1% 12)} B o (21)
Continuing to equation (13),
J’éy dv = V[By+ (12/28)B 0, + (a°/8)B ),
v
+ (a2/8)B(yZ)Z] (22)
and
I(éxyx—éxxy) dv = V[(1°/12) ~ (a7 4) 1By, (23)
v
Substituting into equation (13) results in
T, = VMX[By+ (12/28)B 0, + (a°/8)B ),
+ (a2/8)B(yZ)Z} +VM[(1%/12)
~ (@%/4)1B 1y (24)

. and collect-
ing terms, the components of torque become

T.=0 (25)

X

2 2
Ty = —VMgB, — vM[(a”/4) —(l /8)]B(XX)Z

2
—VM;(a"/8)(B(yy); + B(z2) (26)

2 2
T, = VM;B, +VM,[(17/8)—(a”/4)]B .,

2
— VM (a”/8)(B(yy)y * B(y)2) (27)

The force on the core, equation (4), can be evaluated
in a similar manner. The components of equation (4) are

Fy = My [Baxdlv (28)
\"

Fy = My [Brydv (29)
\"

Fy = My [ By (30)
\

Expanding the integral of equation (28) results in

IBxde = I(Bxx+ B(xx)yy + B(xx)zZ
% %

+ By X dV (31)

(xx)x

Since the integrals containing first-order termsxjry,
andz are zero, equation (31) reduces to

Fy = M)_(IBXde = VMB,, (32)
\)
Evaluating equations (29) and (30) results in
Fy=VvM B, (33)

and

F,=VM_ B (34)



Magnetization Perpendicular to Axis of The components of the force (eq. (4)) using equa-

Symmetry tion (35) becomes
For orientation of the magnetization vector perpen- _ o _
dicular to the axis of symmetry-@xis), the only nonzero Fs = MZI Bizdv = VM;B,, (44)
terminM isM,. Equation (5) becomes v
: Fy = MzIByde = VM,B,, (45)
XZ \Y
[0B]M = M, éyz (35) .
5 F,= MZIBZZdv = VM,B,, (46)
ZZ Vv
and the second part of equation (3) becomes Discussion of Results
~ ~ Examination of equations (25) to (27), (32) to (34),
N (-Byzz+Bz5) (41) to (43), and (44) to (46) reveals that, for expansion
rx(M e« 0)B=M (é s B %) (36) of the applied fields up to second-order terms, no cou-
z Xz Tz pling exists between force and torque components. As
(—Bxz¥ *+ ByX) stated earlier, it is generally assumed that the higher
order torque terms, which are functions of second order
The first part of equation (3) becomes gradients, can be neglected. However, equation (43) indi-
cates that for magnetization perpendicular to the axis of
~ symmetry, torque about the axis of magnetization can be
. —By generated by controlling a higher order term directly,
MxB = M, B (37) thus allowing the core to be controlled in six degrees of
X freedom. For a cylindrical permanent magnet core mag-
0 netized along the axis of symmetry, from equation (25),

only five-degree-of-freedom control is possible.
Substituting (36) and (37) into (3) results in

Concluding Remarks

Ty =M ZI Bydv + MZI(BZZV ~Byz)dv  (38) This paper has developed the expanded equations for
v v torque and force on a cylindrical permanent magnet core
in a large-gap magnetic suspension system. The core was
~ ~ ~ assumed to be uniformly magnetized, and equations were
Ty = MZIBde+MZI(sz'Z— BzX)dv  (39)  developed for two orientations of the magnetization
v v vector. One orientation was parallel to the axis of sym-
metry of the core and the other was perpendicular to this
_ s i axis. It is generally assumed that terms that are a function
T, =0+ MZI(BVZX ~Bxzy)av (40) of second-order or higher gradients of the applied fields
v can be neglected. In practical applications involving
Evaluating the integrals as before and collecting terms/2r9€-gap magnetic suspension systems, these assump-
results in tions have proven to be valid. However, in the case
where the magnetization vector is perpendicular to the
axis of symmetry of the core, the expanded equations
XXy indicate that torque about the magnetization vector can
(41) be produced by controlling a second-order gradient
directly. This case allows the core to be controlled in six
degrees of freedom whereas a cylindrical permanent
Ty = vM ZBX+VMZ[(3a2/8) - (|2/12)]|3(XZ)Z magnet core magnetized along its axis of symmetry can
be controlled only in five degrees of freedom.

2
Ty = —VM,B,—VM,(I7/24)B

- VMZ(aZ/S)(B(yy)y *Byz2)

+WM(1I%/28)B o + VM (°/8)B ), (42)
NASA Langley Research Center

_ 2 (a2 Hampton, VA 23681-0001
T, =VM,[(I"/12) - (@ /4)]B ), 43 October 24, 1996



Appendix A

X
wherer = |y and [ is the gradient operator. Using

Expansion of Fields and Gradients About the 7

Nominal Operating Point of a Cylindrical Per- _ ~ _

manent Magnet Core compact notation, each element Bfin equation (A3)

can be written as

In appendix A the fields and gradients produced by
the suspension system electromagnets are expanded by ~ i T i
using a Taylor series about the initial suspension point of Bi = Bj+ 51 +(1/2)r —5r (A4)
the permanent magnet core. The assumption is made that or
the fields can be adequately described by expansion up tQhere
second-order terms. Figure 1 shows the cylindrical core

2

and core coordinate system. The core coo_rdinate system 9B, 0B, 0B, 9B,
consists of a set of orthogona) ¥, z body-fixed axes — = — — (A5)
that define the motion of the core with respect to an or ox dy 0z
orthogonal, y, z system fixed in inertial space. The core
2 A . : and
coordinate system is initially aligned with thkgy, zsys-
tem. The transformation from inertial coordinates to core - -
coordinates is given by 0(aB;/0x) 0(dB;/0x) 9(dB;/0x)
) ox ay 0z
9°Bi _ |3(aB,/dy) 0(0B;/dy) 9(dB,/dy) (A6)
X X ar? ox oy 9z
gy = [Tm] y (A1) 0(0B;/0z) 0(0B;/0z) 0(0B;/02)
2 . | 0x oy oz |

Using the notation f; =0f/0j and fg,, =

where[T ] is the orthogonal transformation matrix for 9(0/9j)/0k, equations (A5) and (AB) can be written
a3, 2, 1%y, X) Euler rotation sequence and is defined as as

0B;
cB,ch, 6,6, -6, or ={ Bix Biy Bi, J (A7)
[Tl = [(c,6,58,—30,c0,) (s8,50,88, +B,CH,) cB,SB, and
(c6,6,cH, +6,58,) (s6,36,cH,~cB,s6,) cB,cO,
(A2) 0’8, Bixyx Biixyy Biixz
— = B, B B, (A8)
2 1y )X | 1Y)Z
where sin has been shortened to s, cos has been shortened or B(.y) B(.y)y B('y)
to ¢, and®,, 8, , and 6, are angles of rotation about the (iz)x =(iz)y “(iz)z
z, y-, andx-axes, respectively. The fieBl and gradients . . ~ .
of B produced by the suspension system electromagnets! N€ first-order gradients @&  can be written as
which are fixed in the inertial frame, are calculated at the 3(08B./3j)
origin of thex, y, z system. éij _ Bij N air J ; (A9)
ExpandingB about the origin of the, y, z system as a
Taylor series, up to second order, results in where
0(0B;/0j)
B=B+(re0)B+(1/2)(r0)°B (A3) or { Beiix By BUDZJ (A10)



The expanded fields can be expressed in coreTransforming back into core coordinates,
coordinates as

= _ o 2 [ 2 __
B=B+(red)B+(1/2)(red) B All 0B _ _ 0B _
(BB ALY [Bx+a—rx[Tm]Tr (W [Tl — Tl 7
= _ B i ) a°B N
- B = [Tyl |:By+ a—ry[Tm]Tr +(1I2)F [Tm]?zy[Tm]Tr
wherer = y| is the displacement in core coordinates, B e 1
— _T -
5 [Bz+ a—rZ[Tm]Tr+(l/2)r [Tm];r—zz[Tm]Tr

B =[T,B, and O = [T ]O. Since, from equa- _ (A-14)

tion (A1),
The expansion of equation (A14) can be simplified by

T using small-angle assumptions (ref. 6). Under small-
r=[Tylr (A12) angle assumptiong;0s9 = 1, sin@ = 6, and products
of angles are neglected. The transformation méiirix]
= then becomes
each element oB can be expanded in inertial coordi-
nates by substituting equation (A12) into equation (A4),

1 6, —Gy
. B, _ 1. c_ 0%, 1 [T =1]-6, 1 8, (A15)
B, = Bi+a—[Tm] T+ (/1 [T l—5 [Tyl T (A13) 0 -6, 1
r ar y X



Appendix B wheredA is a vector whose magnitude is a differential
area and whose direction is normal to the plane of the
current loop in the sense of the right-hand rule relative to
the direction of current flow] is the gradient operator,
and the integrals are over the surface that is defined

The torques and forces on a magnetic dipole in aPy the conductor loop. Sinceld xr is zero and
steady magnetic field are identical to those on an infini- J(r *B) = B for constanB, equation (B5) simplifies
tesimal current loop with the same magnetic moment!©
(ref. 9). Therefore, the equations for torque and force on
an infinitesimal current loop will be developed first by T = |I(dA xB) (B6)
using the fundamental relationship for the force on a S
current-carrying-conductor element in a uniform, steady
magnetic field. For a discussion of magnetic dipoles and
infinitesimal current loops, see references 9 and 10. T = IAxB (B7)

Torques and Forces on a Magnetic Dipole
With Incremental Volume

Taking the integral results in

Infinitesimal Current Loop An infinitesimal current loop can be defined by lettihg
go toward zero and | go toward infinity, keeping the
Consider a plane loop of conductor with steady cur- product A finite. For an infinitesimal current loop, the
rent | located in the external, uniform, steady magnetic requirement thaB be uniform no longer exists. The
field B (fig. B1). In this regionxB = 0+ B = 0. product A is called the magnetic moment of the loop

The force on an elemedt of the conductor is given by  and is designated by the letter. Therefore equation
the fundamental relationship (obtained from the Lorentz (B7) becomes
force law)

T =mxB (B8)

dF = 1dIxB (B1) o .
The torqueT acts on the infinitesimal current loop in a

wheredF is a vector indicating magnitude and direction direction to align the magnetic momentwith the exter-
of force on the conductor element; | is the scalar magni-nal fieldB. If m andB are misaligned by the ange the
tude of the current in the conductor elemehis a vec-  magnitude of the torque is

tor whose magnitude equals the length of the conductor _ .

element and whose direction is in the positive direction T = mBsind (B9)

of the current; an@ is a vector indicating magnitude and T jncreasé by the amou®, work dWmust be done

direction of the flux density of the external field compo- against the torque resulting in an increase in potential
nent. The torque on the loop can be written as energydU:

T = |f[r x (dl xB)] (B2) dU = dW = Tdb6 = mBsin6d6 (B10)

The potential energy of an infinitesimal current loop in
an external magnetic field can then be obtained by inte-
grating equation (B10):

wherer is the position vector afl and the integration is
around the loop. By using the identity

rx(dixB) =di(r+B)-B(redl) (B3) U =-mBcosH =-m+B (B11)
equation (B2) can be written as where the constant of integration is chosen to be zero
whenm is perpendicular t8. The force on the infinites-
T = I[f(r *B)dl —Bfr o dl] (B4) imal current loop can be obtained from equation (B11). If

an external force= displaces the infinitesimal current
Using Stokes’s theorem and a related result @ef. loop by the infinitesimal distance dthen the work done
p. 289), the line integrals in equation (B4) can be trans- dWwill be equal to a decrease in potential energy):—
formed into surface integrals resulting in dW = Fedr = —dU = —00U » dr (B12)

T = IEI[dA x [O(r B)]—BJ’(D Xr)e dAE (B5) Therefore
) ° - F=-0U=0(m-B) (B13)



The right-hand side of equation (B13) can be expandeddirection. The magnetic momedm of a given dipole
as with incremental volumedv can be conveniently
described by a quantity called the magnetizatvdn
O(meB) =mx (0 xB)+(m-)B which is defined as the magnetic moment per unit vol-
+Bx(Oxm)+ (B O)m (B14) ume. That is,

Since (O+ B), (OxB), and (O xm) are zero, equa-

tion (B13) can be written in the form M = dm/ov (B17)

F=(me0O)B (B15) The total magnetic momemh for a given permanent

magnet can then be written as
This form is generally used in the development of the

equations for large-gap magnetic suspension systems _
(refs. 1 through 6). m = IM dv (B18)
\'

Magnetic Dipole With Incremental Volume . S
where the integration is over the volume of the perma-

~ The magnetic moment of a permanent magnet dipolenent magnet. Magnetization is also a vector and has the
with north and south poles separated by lehgtid with  same direction as. If the permanent magnet is uni-

pole strengttQy, is defined as formly magnetized, that idyl is constant over the vol-
m= Q| (B16) ume of the permanent magnet, then
The magnetic momenh is a vector pointing from the m = Mv (B19)

south pole to the north pole. In the case of an actual mag- ) , o o
net,Q., andl may be indefinite buh can be determined For a discussion of magnetic dipoles and magnetization,
and is sufficient to specify the fields of the magnet at a S€€ reference 10.

large distance from it. At large distances, a magnetic
dipole with magnetic momern®,,] can be treated the
same as an infinitesimal current loop with magnetic
moment A and is identical in effect Q.| = IA. There-
fore, in a steady magnetic fielB the equations for

The torques and forces on an incremental volume of
permanent magnet material, in terms of the magnetiza-
tion M, can then be written as

L . . oT = (M xB)dv (B20)
torques and forces on a magnetic dipole with magnetic
momentm are the same as equations (B8) and (B15). and
In theory, it can be assumed that a permanent magnet
of a given volumev consists of a large number of uni- oF = (M« 0)Bdv (B21)

formly distributed permanent magnet dipoles with incre-
mental volumesdv which are oriented in the same from equations (B8), (B15), and (B17).

10
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X

Figure B1. Plane loop of conductor with steady current | in uniform steady magnet.field
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